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While the problem of lacunary interpolation for polynomials and 
trigonometric polynomials has drawn the attention of many mathematicians 
(see, for example, [ 1, 2, 5, 6, 8-101) in the case of entire functions of 
exponential type, being the natural counterpart for approximants in the case 
of infinite interval, only the problem of interpolation where the value of the 
function and its consecutive derivatives are given at prescribed points is so 
far known. We shall here initiate the study of lacunary interpolation for 
entire functions. The most elementary case of (0, 2) interpolation is being 
pursued at the moment. 
We first notice that a trigonometric polynomial of order n is an entire 
function of exponential type n. Our (0, 2) lacunary interpolation problem can 
be stated as follows: 
Given the distinct points 
kn/a (k=O, kl. f2 ,... ). (1) 
where (T is a given positive number and arbitrary sequence of numbers 
@k/k” -CC and PklE -a 
it is to be decided whether or not there exists an entire function f,(u) of 
exponential type 2~7 satisfying the conditions 
and yJ(kn/a) = b,. 
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AS in the case of polynomials, the natural questions that would arise are (i) 
Does there exist such an f, at all? (ii) If there is such an f,, is it uniquely 
determined? (iii) If f, exists and is unique, can it be represented in a 
convenient form, and (iv) assuming that the uk’s are the values of a given 
function f(x) defined on the real line R at the set of points xk = kz/u what 
are the conditions under which f,(x) converges to f(x) uniformly as u tends 
to infinity? 
Since the given points are in arithmetic progression, it is easily seen that if 
U(X) is an entire function of exponential type 2~7, taking the value 1 at x = 0 
and U(klr/u) = 0 for k different from zero and U”(kn/u) = 0 for all k, then 
U(x - (kz/u)) will take the value 1 at k@ and will be zero at other points. 
Moreover, the second derivative will vanish at all points of sequence (1). 
Similarly if V(x) is an entire function, 0 at all points and V”(0) = 1 while 
V”(kn/o) = 0 for k # 0, then V(x - (kz/u)) has the same properties except 
that the second derivatives take the value 1 at kn/u instead of at 0. If we set 
F(x)= 2 a,U (2) 
--co 
then F(x) will satisfy the conditions: 
F(klr/u) = uk ; F”(k@) = b,. (3) 
The required function therefore will be of the form (2) provided it is an entire 
function of exponential type 2~. This automatically implies that the series on 
the r.h.s. of (2) will have to be convergent and suitable conditions on uk’s 
and bk’s are necessary. Our problem first reduces to the problem of finding 
the entire functions U and V as mentioned above. 
THEOREM 1. Let u > 0 be given. If 
xk = kz/u, k = 0, f 1, *2 ,..., 
then the even entire functions U, and V, of exponential type 20 satisfying the 
conditions 
U,(O) = 1, = 0, k = +m 1, *2,..., 
= 0, k = 0, f 1, *2 ,..., 
LACUNARY INTERPOLATION 309 
and 
v (7 k = 0, f 1, f2 . . . . . (6) 
Vi(O)= 1, = 0, k = f 1, lt2,..., (7) 
are given 6~ 
(8) 
and 
sin ux .X sin of 
v,(x)=+ - ut dt . (9) 0 
Moreover, U, and V, are also unique. 
Proof: Let us first obtain the explicit form of the function V,(x). By 
condition (4), U, has the form 
V,(x) = (sin(ax)/ux) Q(x), 
where 4(x) is an even entire function of exponential type u with d(0) = 1. 
Using condition (5), we obtain 
and 
If we set 
we see that 
f’(O) = u’/3 
(kx/u) #‘(kx,/u) - d(kz/u) = 0. k = f 1. *2,... . 
G(x) = x4’(x) - O(x) 
G(O)‘= - 1, k = f 1, *2,... . 
Since G is an even entire function of exponential type u we may take G(x) = 
-sin(ux)/ux. Hence 4 satisfies the differential equation 
x&(x) - d(x) = -sin(ux)/ux. (10) 
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Making the substitution g(x) = d(x) - 1, (10) reduces to 
xg’(x) - g(x) = -(sin(ax) - ax)/ux 
with 
g(O) = 0 and g’(x) = 4’(x). 
Solving the above linear equation, we have 
dx) - _I d sin(at) - at dt + C. 
X -0 at3 
Since g is an even entire function, the constant of integration C is zero from 
which we obtain 
9(X) = 1 -x IX sin(;;3- ut & 
‘0 
Therefore 
U,(x) = F 1 -x ) I .x sin(at) - at otJ dt . ‘0 I 
To find V,, because of condition (6) we may assume 
V,(x) = sin ox . w(x), (11) 
where v(x) is an odd entire function of exponential type O. Condition (7) 
then gives us 
l//‘(O) = l/20 and ly’(kn/u) = 0, k = f 1, 52,... 
and so we have 
which gives 
v’(x) = (1/2o)(sin ux)/ux 
the constant of integration being zero because u/(x) is odd. Hence, 
sin ux 4 sin at 
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It is clear that the integrands given in (8) and (9) are entire functions and 
so are the functions U, and V,. We shall prove that U, and V, are unique. 
We prove the uniqueness of U, only, the proof being similar for V,. 
Suppose U, is another even entire function of exponential type 20 
satisfying the conditions 
k = f 1. *2,..., 
Ul’(kn/u) = 0. k = 0. f 1, +2 ,... . 
Let 
H(z) = U,(z) - U,(z). 
Then 
H(kn/o) = 0, H”(kn/a) = 0 for k=O, *I, +2 ,.... 
Also H is an even entire function of exponential type 2~. Since an entire 
function of exponential type u vanishing at the points 
k@, k = 0, + 1, +2 . . . . . 
is given by 
C sin crz 
(see 11, p. 180]), by the condition on H(z) we have 
H(z) = C . sin uz . h(z), (A) 
where h(z) is an odd entire function of exponential type u. The condition 
H”(kn/a) = 0 for all k implies 
for all k. 
and hence 
h’(z) = C, sin uz 
which is an odd function. This contradicts the fact that h is odd. Hence the 
constant C of Eq. (A) must be zero which proves that 
U,(z) = fJ,(z). 
This completes the proof. 
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Let us now proceed to estimate the bounds of 1 U,(x)/ and ( V,(x)l. 
THEOREM 2. Functions U,(x) and V,(x) have the following bounds: 
I U,(x)/ < (e’ + 4e - 1)/2e (13) 
1 V,,(x)1 < (8 + n2)/47m2. (‘4) 
Proof From (8), we have 
Now 











-x sin(t) - t e2-2e- 1 e2 +2e- 1 
0 t3 dt < 2e +2= 2e 
so that 
IJ ex sin at - ut dt Go. e2 + 2e- 1 0 at3 2e 
and 
<l+ 
e2 + 2e- 1 e2 +4e- 1 
2e = 
2e ’ 
This gives (13). 
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To estimate ( VJx)J we see from (12) that 
y’(x) = (l/20) sin(ax)/ux 
so that, because v(x) is odd, we have 
If 0 < x < n/2, then 
so that 
If x > 7~12, then 
-X $lr- dt = fn’* +r dt + ,-x 
-‘(I t .o . T’2 
gn+ dt. 
Now. integrating by parts, we have 
r +t=-~- j-T ydt. 
. n/2 . T? 
It is easy to observe that 
1 cos x/x ( < 2/n. 
But 





1 y(x)1 < (l/2&)(8 + 7?)/27r = (8 + nZ)/47roZ. 
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Now using (1 1 ), we have 
1 V,(x)/ = (sin ux s I++)( ( (8 + 7c’)/47rcr2. 
THEOREM 3. If (uk} and (bk} are two sequences of complex numbers 
such that 
and 
5 lb,/ < Co, (161 
then 
R,(x) = ak U,(x - (kz/o)) + ‘? b, V,(x - (k+)) (17) 
k=-m k=im 
represents an entire function of exponential type 2o satisfying the conditions 
R,(kz/a) = ak ; R,“(kn/a) = 6,. (18) 
ProoJ That conditions (18) are satisfied is obvious from representation 
(17) and it is enough to prove that R,(x) does represent an entire function of 
exponential type 20. Setting 
and F,(z) = 5 b, vu 
k=-E 
we shall show that F, and F, are entire functions of exponential type 20. 
Now 
qqz, = 1 -z 1 .: sin(ot) - 01 dt. 
-0 at’ 




for large t, it follows that q(z) is bounded for real z. Since d(z) has the same 
order and type as (sin(oz) - oz)/az3 we conclude that o(z) is an entire 
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function of exponential-type u bounded on the real axis. Hence there exists a 
constant M > 0 such that 
Now 
F,(z) = 2 --r adJo (z-c) 
-x 
\’ ak. 
sin a(z - (k7rlc-7)) 
= 
ksr u(z - W+J)) 
$(Z-$) 
sin uz K;, (-l)k ak sin uz 
= a, ~$(z)+ 1 
k=-c* uz - kn 
Now given z, we can choose k, such that (uz( < k,n/2. Then for 1 k( > k,, we 
have (uzl < k,n/2 < Ik\ . 42 so that 
/uz-kn$‘=(nIkl)- 1 -z / k7[ /-‘<(nlk,)-‘(l- /El) ‘=21,kl.n. 
(20) 
Since /sin uz / < e”lr’ using (20), (19), and (15) we conclude that F,(z) does 
represent an entire function of exponential type 20 because of condition (15). 
Since V(z) is bounded on the real axis and is an entire function of 
exponential type 2u, condition (16) implies that Fz(z) is also an entire 
function of exponential type 2~. This completes the proof of the theorem. 
We shall now consider the problem of convergence of R,(X) as u 4 co. 
The result given here is not claimed to be the best possible. but nevertheless 
interesting being the first result in this direction. 
Let us first consider the class W introduced by Weiner [ 12 1 of continuous 
functions f on (-co. co) satisfying the condition 
With the norm given by 
W is a Banach space and it has been studied in detail by Goldberg [7 1. 
Define the translation T,. by 
T,f(x) =f(.u + .v) 
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and the one-sided second difference Ai by 
A;f@) =f(x + 2h) - 27-(x + h) +f(x) = (Tz,J - W,f+f)(x). 
If h, y E R and FE W when T,, f and Ai f both belong to W. It is also known 
that 
II Tyfllw < 2 llfllw (21) 
and 
II Tyf-fllw --) 0 as y-+ 0, (22) 
that is, the mapping y--, T Jis continuous from R into W. 
DEFINITION 4. If a function f(x) is bounded on R the modulus of 
smoothness of order k 2 1 is defined by 
Qf; 6 = df) = ,y$ IlA:fllw 
where 
A;f(x) = & (-lJk-’ ( 5 )f(x + rh). 
The following properties of the modulus of smoothness are needed in the 
sequel: 
(a) If the functionf(x) has a bounded derivative of the rth order on R, 
then for any integer k > 0 
Ok+ ,(f; t) = Zt’w,(f”‘; t). 
(b) If n > 0 is an integer, then 
w,(m) < 2&0,(t). 
The proof is exactly similar to the ones given in Timan [ 111. The constant 2 
appears in the r.h.s. of (a) and (b) because the translation operator on W has 
a norm bounded by 2 by (2 1). 
THEOREM 5. Let f be a function of the class W, which has a continuous 
derivative on R. Suppose 
g,(x) = (sin(ux/2)/ux)4 (23) 
.a3 
mu= 1 ( 
sin(at/2) 4 dt 
. -cc c7t 1 * 
(24) 










G,(x - t)f(t) dt, 





where C, . C, are constants. 
ProoJ Since the convolution product of a function in L’ and a function 
in W belongs to W, it follows that F, E W. Then 
f(x) - F,(x) = $ fm g,W &f(x) dt 
o ---7) 
which gives 
Now using the property that 
q(f; At) < 2(J- + q2 w#-; t), 
(27) 
(28) 
where 1 > 0, we see that 
w,df; t) Q 2(ot + 1)2 wz(f; l/a). 
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By virtue of (28), (27) becomes 
Now 
!y,, g,(t) (t + f)’ df 4 (4/a*) jTzu g,(Q dl 
< (4/o*) l-d: g,(t) dt = 4m,/a* 
cc 
and 
g,(W + U/d)’ df < 4 1. g,(t) . t* df 
. lrl> I/o 
=4/ _,,,>,,ot2 . ( sin;f’2)’ dl 
_ 4m, j?,((sin x/2)/~)’ dx 
u* J^?,((sin x/~)/x)~ d-x’ 
Hence 
Also from (25) we have 
G,(x - t)f(t) dt. 
Then 
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= ;i” gL(t)[f’(x - t) -f’(x + r)] dt 
c7 0 
-+-II g;(t)[f’(x - 2t) -f/(x + 2t)l dr 
” 0 
so that 
([3, Theorem 11.3.3. p. 211)) 
1’ t dt 
x/2 cos x/2 - sin x/2 
X2 
dx 
= 4 jr ((sin x/2/x)3 ( (((x/2) cos x/2 - sin x/2)/x1 a!x 
J’T, /((sin x/~)/x)~ dx 
= B. 
409 ‘90 ‘2 4 
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Using these inequalities we obtain 
II~,“Il,< c2~qc.f’; l/a). (30) 
With these preliminaries we are now in a position to state and prove a 
theorem on the convergence of sequence of entire functions (R,(x,f)}. 
THEOREM 6. Let f(x) be bounded, uniformly continuous, and dl@eren- 
tiable on the whole real axis. Then the sequence of entire functions 
{R&;f) } defined by 
where xk = k@, converges to f(x) if: 
(i) wl(f’; l/o,) --) 0 as un -+ co. 
(ii) Cz-m lbkl = o(ui>. 
Proof: Introducing F,,(x) from (25), which has been shown to be an 
entire function of exponential type 2a,, we write 
KJX) -f(x) = t7,(4 - t7,w + c7,@) -f(x) 
= lk”(X) -f(x)1 + 5 lf(Xk) - T7”W Y7”(X - x/J 
k=-cc 
+ 2 b, &“(x - xk) - zy(Xk) VJX - Xk) 
-co a=Ico 
so that 
I K&) -f(x>l < I~~“(4 -f(x)1 
+ 5 If(xk) - Fo,(xk)i 1 &jx - xk>i 
k=-m 
+ f IF:,(xk)l 1 ‘,,tx - xk)i 
--co 
We known from Timan [ 111 that for any function f(x) bounded and 
uniformly continuous on the whole real axis, there exists a sequence of entire 
function g,(x) of degree c,, such that 
sup If(x) -g,(x)1 + 0 as err+ co. 
-co<x<cc 
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Then we get 
I ~,,W -ml + 0 as u,-+co. 
Since xk = kn/a, we have 
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(A) 
From the property (a) of the modulus of smoothness, we find 
wz(f; l/a) < (l/a) o,(f’; lb) 
so that 
k=ta, 




Iftxk) - Fo,(Xk)l 1 uon(x - -xk)i 
1 
,<const.w, 1’;; -PO ( 1 n 
as un -+ 00 from (i). From (30) we find that 
which gives 
Further, using (14), we get 
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From (14) again, 
as a,+co. 
Combining (A)-(D) the result follows. 
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